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ABSTRACT

We derive the scaling rules thgeld the spot size at the interactionpoint (IP) andthe beam
currents as the nominakam-beanparametersnove away from their nominally-specifiedvalues.
These rules allow reaching new specifications in a very simple way should on®waodify the
design values of the beam-beamparametersThe scaling rules are derived under four basic
constraints: (1) the beta functions at the IPfaed; (2) the rms spot sizesat the IP are pairwise
equal; (3) the beam energiase fixed, and (4) the nominal luminosity andcollision frequencyare
fixed. In addition, we impose the constraintthat the beam-beanparameteramust either obey
transparency symmetry @y symmetry.

1. Introduction.

The fact that PEP-I11 (like all other“factory”-type colliders presentlyconsideredhastwo
separate and quite different rings, implies that the machine will almost certainly hawptorbeed
such that most, perhaps all, the beam parametiérbe differentin the two rings. From the beam-
beam perspective, the Conceptual Design REPBIDR) and most multiparticle simulationstudies
so far2 haveassumedhat all four beam-beanparametersire equal. This equality is the simplest
case of a transparency symmeéttyat is intendedo balancethe beamsin orderto compensatéor
their unequalenergies.The constraintsimposedby this symmetry have the additional practical
benefit of reducing the number of different parameters.However, the symmetry is only
approximatelyvalid evenat the nominal designlevell and, moreover,it is further broken by the
dynamics, particularly from theffectsof the parasiticcollisions. It is natural,therefore to explore
the optimizationwith respectto the beam-beanparameterdy exploring the dynamicalbehavior
upon departure from the full equality mentioned above. In fact, a first stlis girectionhasbeen
takert in which multiparticle simulationsshowedthat, under certain conditions, the beam-beam
dynamics does prefer unequal beam-beam parameters.

In this note we presentsimple scaling rules that yield the nominal beamsizesand beam
currentsas the beam-beanparametersiary away from their nominally-specifiedvalues. These
scaling rules are derived under four basic constrgihjshe betafunctionsat the IP arefixed and



their vertical-to-horizontalatios are equalin the two beams;(2) the rms spot sizesat the IP are
pairwise equal; (3) the beamenergiesare fixed; and (4) the nominal luminosity and collision
frequencyare fixed. In addition, for simplicity, we require that the beam-beanparametersnust
either obeytransparencygymmetryor x-y symmetry(seebelow). We ignore all dynamicaleffects
from the beam-beam interaction, including all effects from the parasitic collisions.

In beam-beanstudiesthe word “nominal” is usually usedto mean*“in the absenceof
beam-beameffects.” Thus nominal quantities,such as the beam sizes, the emittancesor the
luminosity, carry a subscript“0” to distinguishthem from the corresponding“dynamical”
guantities, which do take into account the effects of the beam-beam collisiomghiahdre written
with no subscript. As mentioned in the previous paragraph, imthtéswve presentscalingrulesfor
the nominal, not the dynamical, quantities. These nominal quantitiesare scaled away from a
reference set of valueghich we denotewith an overbar.In the applicationsto PEP-II, we assume
that the reference values are those in the CDR, summarized in Table 1 below.

2. Constraints and basic formulas.
Concretely, the constraints are:

» The nominal rms beam sizes at the IP are pairwise equal, namely
Oox,+ = Oox,- = Oox aOy,+ = UOy,— = UOy (1)
although their actual values can vary away from the reference values.

» The beta functions at the IP are fixed and satisfy the condition
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» The nominal luminosity £¢ and the collision frequencyf. are also fixed, and the
luminosity formula is assumed to correspond to Gaussian bunches, namely

$o=1f (3)
¢ anGOy
» The energies of the two beams are fixed,
E., E_ = fixed (4)

Under these constraints, the only primary parameters that can vanthmsealingstudied
here are the numbersof particlesper bunch, N. (or, equivalently,the beam currents),and the
nominal rms beam sizes at the ¢, andaoyy .



Constraint (1) obviously implies that thereaisingle (ratherthantwo) beamaspectatio at
the IP, namely
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Whenthis equationis combinedwith constraint(2), it alsoimplies thatthereis a single nominal-
emittance ratio,
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where we have used the obvious relation
r=.rgre (7)

We alsoassumedhat the expressiongor the beam-beanparametergorrespondo that of
Gaussian bunches. Thus the vertical beam-h@ametenf a positronat the centerof the bunch
is given by

roN_p
Soyr = o t)
Y+ 0qy,-(Oox,- * Ogy,-)

wherer is the classicalelectronradiusand y; is the usualrelativistic factor of the positron. The
correspondingexpressiongor the horizontalbeam-beanparametef the positron,andthosefor
the electron, are obtained from the above by the exchanges and/or+ o —.

3. Scaling under transparency symmetry.

For our purposes;transparencysymmetry” meansherethat, in additionto constraints
(1—-4), the nominal beam-beam parameters obey

$ox,+ = Sox,- =€oxs  Soy,+ = Soy,- = <oy 9)

with oy in general differenfrom &oy. In this casethe beam-beanparametersndthe ratiosr , r¢
andrp are related By

=/ —=- (10)

and the nominal luminosity, Eq. (3), has the simplified expreZsion
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whereK is aconstantandthe subscriptt meansthat the quantityin parenthesiganbe computed
from either beam.

In order to derive the scaling expressionfor the beam currentsl, we first note that
constraints (2) and (4) and Eq. (8) imply
1 1
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Now this proportionality must be validh particular,for the referenceguantitiessincethesesatisfy
all the relevant constraints. Thus one can immediately write the scaling ride for

=Ty X F(&ox €oy) (13)
whereF is the scaling function
"?Oy + rﬁ EOX
Flox:Soy) =1 (14)
0x:60y EOy + rB EOX

A scaling rule for thery's is derived by noting that Egs. (3) and (10) imply
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thus one finds
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It should be pointed ouhat, in this kind of scaling,the beamaspectratio doesnot remain
constant but scales as

r=px2 X2 (17)



4. Scaling under horizontal-vertical symmetry.

By “horizontal-verticalsymmetry,” or “x-y symmetry,”we meanthat, in addition to the
primary constraints (1-4), the beam-beam parameters satisfy

$ox,+ = Soy,+ =S0++  Sox- = Soy,- = So- (18)

with o+ in general different frondo_. In this case all three ratiosr, andrgare equa?,

r=rg=rg (29)

and the expression for the nominal luminosity simplifies to
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In this last equationall quantitiesexceptéy and | are fixed on accountof our assumed
constraints and Eq. (19). Thus we immediately find

1
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and so the scaling rule foris
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Sincethe aspectratio r is a scaling constantin this case,the luminosity formula (3), in
combination with Eq. (5), implies

gox O\VN.N_ and gy O \/N, N_ (23)
which, when combined with Eqg. (22), yields the scaling rule foogse
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5. Applicationsto PEP-II.



Egs. (13), (16), (22) and (24) constitutethe basicresultsof this note. In both kinds of
scaling there are two independent scaling variables, nagegndéoy in thefirst case,or o+ and
éo_ in the second For the purposesof numericalapplicationswe fix éox or &o_ (dependingon
which symmetry we adopt) and vafy, or o+, respectively.

In numericalapplicationsto PEP-II we assumethat the referencevaluesfor the bunch
currents particlesper bunchandrms beamsizesare given by Table 1, which is takenfrom the
CDR.1 We emphasize that the luminosity, collision frequency and beta functitmes|Bt are fixed
at the values in Table 1.

Table 1. Reference values for PEP-II primary parameters (from the CDR).

LER (€") HER (€)
Lolem2s] 3x10%3
fo [MHz] 238.000
E [GeV] 3.1 9.0
N 5.630x 100 2.586x 100
I[A] 2.147 0.986
Eox [NM —red] 61.27 45.95
Eoy[NM —rad] 2.451 1.838
Bx [m] 0.375 0.500
By [m] 0.015 0.020
Fox [HmM] 151.6 151.6
ooy [Hm] 6.063 6.063
Eox 0.03 0.03
Eoy 0.03 0.03

Figs. 1 and 2 show the spot sizes at the IP plotteghyfar fixed valuesof &oy in the case
of scaling under transparency symmetyg, (16). Fig. 3 showsthe correspondingpeamcurrents.
In all case we show with a cross the reference values corresponding to Table 1.
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Fig. 1. Scaling of the horizontal spot size at the IP in the case of transparency
symmetry. The cross represents the reference (CDR) value, listed in Table 1.
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Fig. 2. Scaling of the vertical spot size at the IP in the case of transparency
symmetry. The cross represents the reference (CDR) value, listed in Table 1.
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Fig. 3. Scaling of the beam currents in the case of transparency symmetry. The
cross represents the reference (CDR) values, listed in Table 1. The four curves
in each case correspond to the four values of &gy in the order shown.

It should be notedhat, for fixed &oy, the horizontalspotsize gpy variesinverselywith &oyx
while gy varies directly withéo,. This canbe understoodasfollows: sincer g is small (rg =0.04),
we can approximate Eq. (14) to 0-th ordergrby

& _ 003
ny <ny

F(EOX’ EOy) = (25)

so that the rms spot sizes and beam currents scale approximately as



_ 0.03

Opx = Opx %
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(26)

This last equationshowsthat, to this order of approximation,the beamcurrentsdo not
depend orfox. The dependence dgy is of first order irrg and hence weak, as seen in Fig. 3.

Figs. 4, 5 and 6 show the spot sizes and currentsfor the caseof scaling under x-y

symmetry. In this case tlexactscaling rules follow from Egs. (22) and (24),

JOX = a-Ox x&
Véo+$o0-
Tpy = C_Toy 9 0.03
A\ EO+§ZO—
L =1, x 0.03
7 dos

(27)

Theseexpressionshowthat ooy and gpy scaletogetherthatthe LEB currentscalesonly

with &+, and that the HEB current scales only wigh
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Fig. 4. Scaling of the horizontal spot size at the IP in the case of Xx-y
symmetry. The cross represents the reference (CDR) value, listed in Table 1.
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Fig. 5. Scaling of the vertical spot size at the IP in the case of x-y symmetry.
The cross represents the reference (CDR) value, listed in Table 1.
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6. Two special cases.

Fig. 6. Scaling of the beam currents in the case of x-y symmetry. The cross
represents the reference (CDR) values, listed in Table 1.

In Ref. [4] we used a restricted form of thealingrules, which we now derivefor the sake

of completenessn which the beam-beanparametersre further constrainedso thatthereis only
one independent variable.

6.1 Case I &gy = oy, &ov 7 &o- such that &y, [Ey- = &5

parameters are equdly, = {y- = &g, and the scaling rules (27) reduce to

Opx = Opy = independent of &,
Opy = Opy = independent of g,

13

This is what we called “Approach A” in Ref#}]. In this casethe two nominalbeam-beam

(28)



6.2 Case 2 &y, = &g, &ox # &oy SUch that &g, [Egy = &6
This is what we called “Approach B” in Ref. [4]. In this casethe nominal beam-beam
parameters are also equéy = oy = o, and the scaling rules (13) and (16) reduce to

e =1, x f(Soy)
Opx = a'ox X @ f(foy) (29)
$o
O-Oy = a'oy X EE_O f(foy)
Oy
wheref(éoy) is the scaling function
1+ rg
f(‘ny) = E g (30)
Y rg 6—0
0 Oy

7. Discussion.

Simulationsin Ref. [4] for two earlier designsof PEP-II suggestthat the beamsprefer
unequalbeam-beanparametersAlthough no seriousoptimization was attemptedthe preference
shown by the dynamicsis as follows: under transparencysymmetry conditions, the preferred
nominal beam-beam parameters &g = 0.038and ¢y = 0.024;underx-y symmetryconditions,
the preferred values aég. = 0.026 andfp_ = 0.035. Assuming thahe currentPEP-11 designwill
show the same preference, then the scaling rules aboveuslimdeterminemmediatelythe beam
currentsand spot sizesfor thesemodified beamparametersThe resultantvalues are found in
Tables 2 and 3 below (the beta functions at the IP are the same as in Table 1).

Table 2. Modified nominal beam-beam parameters,
rms beam sizes at the IP and total beam currents
assuming transparency-symmetry conditions for
the beam-beam parameters.

LEB(¢)  HEB (&)

ox 0.038 0.038
oy 0.024 0.024
Oox [Um] 147.3 147.3
doy [Um] 9.327 9.327
r =00y/ Oox 0.043

| [A] 2.625 1.205
%o [cm2s]] 3x1033
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Table 3. Modified nominal beam-beam parameters,
rms beam sizes at the IP and total beam currents
assuming Xx-y-symmetry conditions for the beam-
beam parameters.

LEB (")  HEB (&)

¢ox 0.026 0.035
oy 0.026 0.035
Oox [Um] 150.7 150.7
ooy [Um] 6.030 6.030
r =00yl Oox 0.04

| [A] 2.477 0.845
%o [cm2 s 3x1033

A comparisorof Table2 with Table1 showsthat, if onewould wantto modify the beam
parametersindertransparencygymmetry,one mustpay the price of anincreasedeamcurrentin
both beams. Howevethereis a slight decreasén the horizontalspotsize anda slight increasen
the vertical spot size, both of which are favorable.

A comparisorof Table3 with Table1 showsthat,if onewould wantto modify the beam
parameters undery symmetry,one mustpay the price of anincreased_EB current.In this case,
however thereis a favorabledecreasen the HEB current,while the spot sizesremain practically
unchanged from the reference values.

8. Conclusions.

We havepresentedhe scalingrulesfor the spotsizesand beamcurrentsapplicablewhen
the beam-beam parameteesy awayfrom their referencevalues.Only a dynamicalcalculationof
the beam-beam effect will allow a determination forgheferredvaluesof the nominalbeam-beam
parameterspur scaling rules allow a straightforward determinationof the modified nominal
emittances and beam currents, should further research indicate the need for such a modification.
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