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Abstract

A bunched beam that is accelerated by the funda-
mental resonant mode of RF cavities necessarily loses
energy by exciting the higher-order modes of these
very cavities. We consider here the calculation of the
power lost by gaussian bunches traversing a struc-
ture with resonator impedance of arbitrary quality
factor. Known formulas are used for the infinite sum-
mations, which reduce to other approximate ones for
the broad-band case. For the narrow-band case we
present a simple analytic expression. We apply our
results to calculate the power lost to the higher-order
modes of the SSC RF cavities. Our conclusion is that
if the resonant frequencies of all higher-order modes
of the cavities are sufficiently far from integral multi-
ples of the bunch frequency, the energy loss is strongly
reduced over that calculated by a simple broad-band
model; but if this condition is not satisfied, then the
resulting resonant loss for even a weak mode may be
several orders of magnitude greater than the broad-
band calculation.

1 Introduction

Because of a combination of several requirements on
the SSC [1], including large size, high luminosity and
few interactions per crossing, it must operate with
a large number of bunches, on the order of 17,000.
This translates into a bunch frequency fb = 62.5
MHz. On the other hand, the RF cavities consid-
ered have a fundamental mode frequency fF = 375
MHz. The condition for a resonator mode to be con-
sidered broad-banded when traversed by this beam
is that its resonant frequency fr and quality factor
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Q satisfy fr/Q � fb. For the fundamental mode,
this would require Q� 6, which is patently violated
by the PEP-type cavities considered [2], which have
quality factors of about 40,000 to 80,000, depend-
ing on the mode. Of course higher-order modes are
“de-Qed,” but never to the point that the above in-
equality is reasonably satisfied. Therefore it is not
legitimate to use broad-band resonator formulas in
this case, and previous calculations [3] must be re-
examined [4].

2 Calculation

We consider M identical, equally spaced, well-
separated gaussian bunches, each with an rms size
σt (in time units). These bunches travel through the
ring with revolution frequency ω0 = 2πf0, and tra-
verse a structure with impedance Z(ω). Then the
power lost by the bunches is given by [4]

P = MZlossI
2
b (1)

where Ib is the “bunch current,” related to the peak
current Î by Ib = (

√
2πσtf0)Î and to the average

beam current Ī by Ī = MIb. The effective “loss
impedance” is defined by

Zloss ≡M
∞∑

m=−∞
ReZ(mωb) e−(mσtωb)

2
(2)

Here ωb ≡ Mω0 is the angular bunch frequency, and
the summation is over all integers (if the structure
has multiple modes, there is an additional summation
over modes.)

The motivation for splitting an M2 factor between
Eqs. (1) and (2) is that, for short bunches (σtωb �
1) and very broad-banded impedances (ωb � ∆ω),
Zloss is independent of M , as can be easily verified
by replacing the summation by an integral in Eq. (2),
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and therefore the power loss is simply M times the
power lost by a single bunch.

We are concerned here only with resonator
impedances of the form

Z(ω) =
RS

1 + iQ

(
ωr

ω
− ω

ωr

) (3)

For the SSC, some nominal values are M = 17, 280
(idealized), f0 = 3.617 kHz, and σt = 0.233 nsec.
Therefore the bunch frequency is fb ≡ ωb/2π = 62.5
MHz, and so the bunches can be considered “short” in
the sense defined above, since the parameter a ≡ σtωb

that appears in the exponential in Eq. (2) has the
value a = 0.092. In this case the summation can be
done analytically with great accuracy [5] assuming
only that Q > 1/2, yielding

Zloss =
2πRS

ω0σtS

×Re
{

z
[
w(z)− e−z2

(1− i cot(πz/a))
]}

(4)

with an error of order exp(−π2/a2) ' 10−400. In the
above z and S are defined by

z =
ωrσt

2Q
(S + i), S =

√
4Q2 − 1 (5)

and w(z) is the complex error function [6] (the gen-
eralization for Q ≤ 1/2 is discussed in Ref. 8).

Note that the bunch frequency appears in Eq. (4)
only in the cotangent term, through the parame-
ter a. Thus when a resonator is broad-banded,
i.e., when fr/Qfb � 1, the argument of the cotan-
gent has a large positive imaginary part, the fac-
tor (1 − i cot(πz/a)) vanishes exponentially and the
broad-band result [7] is recovered.

However, in the case of interest for the SSC, the
20 or so lowest cavity modes [2] have Q ' 40, 000 −
80, 000 and frequencies fr ' 375 − 2, 300 MHz, and
therefore it is the very-narrow-band limit that is rel-
evant, since the parameter

∆ ≡ πfr

2Qfb
(6)

has values in the approximate range (1 − 4) × 10−4.
In this case, πz/a is approximately

π
z

a
' π

fr

fb

(
1 +

i

2Q

)
(7)

Since the imaginary part is very small, the cotangent
term provides large, narrow spikes whenever fr/fb is
an integer. In fact, for all modes for which Q � 1
and ∆� 1, our final result for Zloss is, to a very good
approximation [6],

Zloss =
2MRS∆2e−(ωrσt)

2

sin2(πfr/fb) + ∆2
(8)

which explicitly exhibits the resonances mentioned
above (the quantity ωrσt is in the range 0.5− 2.5.)

If we carry out the same approximations in the
(incorrect) broad-band model [7], we obtain

ZBB
loss =

πRSfr

Qf0
e−(ωrσt)

2
(9)

If we now compare the correct power loss to the
broad-band calculation, we see that on-resonance the
true power loss is larger by a factor ∆−1 than the
broad-band model, whereas off-resonance it is sup-
pressed by a factor ∆.

3 Conclusions

We have derived an analytical expression for the
power loss due to the high-order modes of the RF
cavities considered for the SSC. The power spectrum
shows high, narrow resonances whenever the mode
frequency is a multiple of the bunch frequency, and
therefore this condition is to be avoided in the final
design of the cavities. If this is achieved, the power
loss is some 4 orders of magnitude smaller than that
calculated from a broad-band model [3]. If this is not
the case, and some higher order mode is a harmonic
of the bunch frequency, the power loss could be some
4 orders of magnitude higher than the broad-band
model prediction.

The PEP-type cavities considered for the SSC have
modes with large quality factors and frequency spac-
ing typically larger than the bunch frequency, and
therefore the resonances in the power spectrum are
well-separated and easy to avoid. The nominal design
contemplates 40 such cavities, and the higher order
modes are expected to be “de-Qed,” but not to the
point that Q will be below ∼ 10. Therefore our ap-
proximations will remain valid (a numerical calcula-
tion of the power loss taking into account the 20 first
modes of the 40 cavities, appropriately “de-Qed,” is
presented in Ref. 4.)

Our calculation is based on the assumption that
the bunches are identical, evenly spaced (no gaps)
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and well-separated. In reality the beam will have rel-
atively short gaps (less than 2% of the buckets will be
empty.) The spectrum will therefore contain mainly
multiples of the bunch frequency (62.5 MHz), while
the revolution frequency harmonics will remain at a
very small level. Therefore our calculation should not
be significantly affected.

During injection only part of the ring is filled with
bunches, so the revolution frequency harmonics have
a stronger spectrum. Because of the narrow spac-
ing of the lines, there is a much higher probability of
falling onto a resonance. The power loss could there-
fore be larger than when the beam is full. This is
partly compensated by the reduced current, and, in
any case, it is limited to the injection period of some
20 min. The evolution of the power loss during injec-
tion is discussed in the appendix of Ref. 4.
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